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Introduction {#Sec1}
============

Efficient and secure scalar multiplication algorithms are essential in modern cryptography. A (single dimensional) *scalar multiplication algorithm* for a group $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha P$$\end{document}$ as output. Such an algorithm is required in numerous protocols such as Diffie-Hellman key exchange, and digital signature generation and verification. In such group based cryptographic schemes, scalar multiplication dominate the run time of the system, and therefore it is crucial to minimize its cost. Some cryptographic applications can further make use of *multidimensional* scalar multiplication algorithms, which take vectors $\documentclass[12pt]{minimal}
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                \begin{document}$$P_i$$\end{document}$ becomes negligible compared to the overall cost; see \[[@CR3], [@CR4]\].

Scalar multiplication algorithms have been studied heavily in the past. One very interesting single dimensional algorithm is the Montgomery ladder \[[@CR7]\]. A key difference between the Montgomery ladder and the double-and-add algorithm is that the Montgomery ladder is *regular* in the sense that every iteration of the main loop performs the same operations. It is known that irregularity of algorithms can be exploited through side-channel analysis and underlying scalars may be recovered by attackers; see \[[@CR9]\]. Therefore, regularity is essential for security when the scalar $\documentclass[12pt]{minimal}
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Bernstein \[[@CR1]\] proposed a regular two dimensional differential addition chain (the DJB algorithm). The DJB algorithm computes $\documentclass[12pt]{minimal}
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In 2017, a generalization of the Montgomery ladder to *d* dimensions was made in \[[@CR6]\] by means of an algorithm called *d*-MUL, originally based on an algorithm of Brown from 2006 in \[[@CR2]\]. *d*-MUL uses a sequence of *state matrices* (defined in Sect. [2.1](#Sec3){ref-type="sec"}) to derive an encoding of the scalar vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell $$\end{document}$-bit integers. Even though the underlying matrix arithmetic is simple, it introduces non-trivial overhead cost, and makes it harder to resist against side-channel attacks. For example, a constant time implementation of *d*-MUL at the 128-bit security level in \[[@CR5]\] reported about 10, 000 cycle counts for the encoding phase. After encoding, *d*-MUL loops through $\documentclass[12pt]{minimal}
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A second paper \[[@CR5]\] further explored *d*-MUL. The motivation in \[[@CR5]\] is to bypass the encoding step, and immediately start scalar multiplication by a carefully chosen sequence of group operations: *d* additions and 1 doubling per step, for a total number of $\documentclass[12pt]{minimal}
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Preliminaries and Our Contributions {#Sec2}
===================================
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Below we give some preliminaries before formally stating the contributions and organization of this paper in Subsect. [2.2](#Sec4){ref-type="sec"}.

Preliminaries {#Sec3}
-------------
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The primary structure that the *d*-MUL algorithm is built on is a state matrix.

### Definition 1 {#FPar1}
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By "matrix" we will always mean a state matrix unless otherwise stated. All state matrices considered in this paper will have a common size of $\documentclass[12pt]{minimal}
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### Lemma 1 {#FPar2}
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### Corollary 1 {#FPar3}
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### Theorem 1 {#FPar4}

For a state matrix *A*, there is a unique state matrix *B* such that every row in *A* is the sum of two rows from *B*.

### Definition 2 {#FPar5}
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Figure [1](#Fig1){ref-type="fig"} gives an example of an extension matrix. Iterating the construction in Definition [3](#FPar6){ref-type="sec"} allows us to built a sequence of matrices given a long binary string.
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Let *B* be a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(d+1) \times d$$\end{document}$ state matrix. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_1, \ldots , r_{\ell }$$\end{document}$ be binary strings of length *d*, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r = r_1 \vert \vert \cdots \vert \vert r_\ell $$\end{document}$. The **extension sequence** with base *B* corresponding to *r* is a sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lbrace A^{(i)} \rbrace _{i=1}^{\ell +1}$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(d+1) \times d$$\end{document}$ state matrices defined recursively by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A^{(1)} = B$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A^{(i+1)}$$\end{document}$ is the extension matrix of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A^{(i)}$$\end{document}$ corresponding to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_i$$\end{document}$.

This definition gives us a way of encoding an entire sequence of matrices $\documentclass[12pt]{minimal}
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Contributions and Organization {#Sec4}
------------------------------

The main contributions of this paper are: We derive many theoretical results on state matrices and extension sequences. In particular, we determine the exact relationship between the pair (*B*, *r*) and the last row of the last matrix of the corresponding extension sequence $\documentclass[12pt]{minimal}
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In Sect. [3](#Sec5){ref-type="sec"} we state and prove many theoretical results on extension sequences of state matrices with the aim of optimizing the *d*-MUL algorithm. In Sect. [4](#Sec9){ref-type="sec"} we apply the results of Sect. [3](#Sec5){ref-type="sec"} to construct a new version of the *d*-MUL algorithm.

Theoretical Results {#Sec5}
===================
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We make use of the solution to these two problems in the following manner. For a vector $\documentclass[12pt]{minimal}
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This section will solve problems (1) and (2) above, whose solutions yield Theorem [4](#FPar19){ref-type="sec"} giving an equivalence of two extension sequence constructions. Section [4](#Sec9){ref-type="sec"} will use the solutions to these problems to detail an efficient scalar multiplication algorithm similar to the original *d*-MUL algorithm of \[[@CR6]\].

Determining the Bits of an Extension Sequence {#Sec6}
---------------------------------------------

The output of the addition chain constructed in Theorem 4 of \[[@CR5]\] is always determined by the last row of the final matrix, and so it makes sense to analyze how these final rows change throughout the sequence of state matrices. Our first result of this section finds the connection between the last rows of successive matrices.

### Theorem 2 {#FPar8}

Let *A* be an extension matrix of *B*. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} A_{1,i} + A_{d+1,i} = \left\{ \begin{array}{ll} (b_1 b_2 \cdots b_{n-1} 11)_2 &{} \text { if } (B_{h+1,i} \text { is even and } c_i = -1) \\ {} &{} \text { or } (B_{h+1,i} \text { is odd and } c_i = 1) \\ (b_1 b_2 \cdots b_{n-1} 01)_2 &{} \text { if } (B_{h+1,i} \text { is even and } c_i = 1) \\ {} &{} \text { or } (B_{h+1,i} \text { is odd and } c_i = -1) \\ \end{array} \right. \end{aligned}$$\end{document}$$

### Proof {#FPar9}

We consider two cases.
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                \begin{document}$$\begin{aligned} A_{1,i} + A_{d+1,i}&= 2 B_{h+1,i} + ( B_{1,i} + B_{d+1,i} ) \\&= 2 B_{1,i} + ( B_{1,i} + B_{d+1,i} )&\text {since } B_{h+1,i} \text { is even} \\&= B_{1,i} + B_{d+1,i} - c_i + ( B_{1,i} + B_{d+1,i} ) \\&= 2 \cdot (b_1 b_2 \cdots b_{n-1} 1)_2 - c_i \\&= (b_1 b_2 \cdots b_{n-1} 1 0 )_2 - c_i \end{aligned}$$\end{document}$$Suppose $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} A_{1,i} + A_{d+1,i}&= 2 B_{h+1,i} + ( B_{1,i} + B_{d+1,i} ) \\&= 2 B_{d+1,i} + ( B_{1,i} + B_{d+1,i} )&\text {since } B_{h+1,i} \text { is odd} \\&= B_{1,i} + B_{d+1,i} + c_i + ( B_{1,i} + B_{d+1,i} ) \\&= 2 \cdot (b_1 b_2 \cdots b_{n-1} 1)_2 + c_i \\&= (b_1 b_2 \cdots b_{n-1} 1 0 )_2 + c_i \end{aligned}$$\end{document}$$

The result follows when considering $\documentclass[12pt]{minimal}
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                \begin{document}$$c_i = -1$$\end{document}$ in both cases.

With this theorem we can relate the top and bottom rows in a sequence of matrices with the bits of the final matrix, as described in the following corollary.

### Corollary 2 {#FPar10}
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### Proof {#FPar11}

Note that (2) and (3) follow immediately from (1) since any odd integer *a* with binary representation $\documentclass[12pt]{minimal}
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To prove (1), we use backwards induction on *k*. The base case $\documentclass[12pt]{minimal}
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                \begin{document}$$A^{(k)}_{1,i} + A^{(k)}_{d+1,i} = (b^{(i)}_1 b^{(i)}_2 \cdots b^{(i)}_{k-1} 1)_2$$\end{document}$.

The above corollary solves problem (1) posed at the beginning of this section.

Determining the Column Sequence and Bitstring from an Extension Matrix {#Sec7}
----------------------------------------------------------------------

In this subsection we solve problem (2) detailed at the introduction to this section. The following theorem provides an alternative method for describing the addition sequence for a given extension matrix, which will be needed in the results to come.

### Theorem 3 {#FPar12}

Let *A* be an extension matrix of *B*. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} a_{k+1} = \left\{ \begin{array}{ll} (x_k - 1, y_k) &{} \text {if } \alpha _{\sigma _A(k+1)} \text { is odd} \\ (x_k, y_k + 1) &{} \text {if } \alpha _{\sigma _A(k+1)} \text { is even} \end{array} \right. \end{aligned}$$\end{document}$$

### Proof {#FPar13}
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                \begin{document}$$\begin{aligned} 2\alpha _{\sigma _A(k+1)} = B_{x_k, \sigma _A(k+1)} + B_{y_k, \sigma _A(k+1)}&= A_{k, \sigma _A(k+1)} \equiv 0 \text { mod } 2 \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\qquad \quad \,\,\, a_{k+1} = (x_k - 1, y_k) \\&\iff B_{x_k, \sigma _A(k+1)} \equiv 1 \text { mod } 2 \quad \text {and} \quad B_{x_{k+1}, \sigma _A(k+1)} \equiv 0 \text { mod } 2 \\&\qquad \qquad \qquad \quad \text {(since } x_{k+1} < x_k \text {)} \\&\iff \alpha _{\sigma _A(k+1)} \text { is odd} \end{aligned}$$\end{document}$$and similarly$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\qquad \quad \,\,\, a_{k+1} = (x_k , y_k + 1) \\&\iff B_{y_k, \sigma _A(k+1)} \equiv 0 \text { mod } 2 \quad \text {and} \quad B_{y_{k+1}, \sigma _A(k+1)} \equiv 1 \text { mod } 2 \\&\qquad \qquad \qquad \quad \text {(since } y_{k+1} > y_k \text {)} \\&\iff \alpha _{\sigma _A(k+1)} \text { is even.} \end{aligned}$$\end{document}$$

We can now derive an expression for the binary string giving the addition sequence for two state matrices *A* and *B* using only the column sequence for *A* and the row which was doubled from *B*.

### Corollary 3 {#FPar14}

Let *A* be an extension matrix of *B*. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\vert \vert $$\end{document}$ denotes concatenation of bits.

### Proof {#FPar15}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{bmatrix} \alpha _1&\alpha _2&\cdots&\alpha _d \end{bmatrix}$$\end{document}$, and so $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_1 = (h+1, h+1)$$\end{document}$. By the definition of an extension matrix, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{x}_1 = \hat{y}_1 = 1 + \sum \limits _{i=1}^{d} (\alpha _{\sigma _A(i+1)} \text { mod } 2) = 1 + \sum \limits _{i=1}^d (\alpha _i \text { mod } 2) = 1 + h$$\end{document}$ since $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \hat{a}_{k+1}&= \left\{ \begin{array}{ll} (\hat{x}_k - 1, \hat{y}_k) &{} \!\text {if } r_k = 1 \\ (\hat{x}_k, \hat{y}_k + 1) &{} \!\text {if } r_k = 0 \\ \end{array} \right. \\ {}&= \left\{ \begin{array}{ll} (\hat{x}_k - 1, \hat{y}_k) &{} \!\text {if } \alpha _{\sigma _A(k+1)} \text { is odd} \\ (\hat{x}_k, \hat{y}_k + 1) &{} \!\text {if } \alpha _{\sigma _A(k+1)} \text { is even} \\ \end{array} \right.&\text {by definition of } r \\ {}&= \left\{ \begin{array}{ll} (x_k - 1, y_k) &{} \!\text {if } \alpha _{\sigma _A(k+1)} \text { is odd} \\ (x_k, y_k + 1) &{} \!\text {if } \alpha _{\sigma _A(k+1)} \text { is even} \\ \end{array} \right.&\text {by inductive hypothesis} \\ {}&= a_{k+1}&\text {by Theorem 3.} \end{aligned}$$\end{document}$$

We can now relate the column sequences of the two state matrices *A* and *B* through the following definition. Lemma [2](#FPar17){ref-type="sec"} to follow shows this relationship explicitly.

### Definition 5 {#FPar16}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lbrace 2,3,\ldots , d+1 \rbrace \rightarrow \lbrace 1,2,\ldots ,d \rbrace $$\end{document}$ be a bijection and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_1, \ldots , b_d$$\end{document}$ be bits. Define the bijection $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lbrace 2,3,\ldots , d+1 \rbrace \rightarrow \lbrace 1,2,\ldots ,d \rbrace $$\end{document}$ as follows: Initialize two empty lists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_1$$\end{document}$.For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1$$\end{document}$ to *d*, append $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma (i+1)$$\end{document}$ to the end of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_{b_i}$$\end{document}$.Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L = \textsc {reverse}(L_1) || L_0$$\end{document}$, where \|\| denotes concatenation.Define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau (i+1) = L(i)$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 \le i \le d$$\end{document}$.

Define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPsi $$\end{document}$ as the function giving $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_1,\ldots , b_d$$\end{document}$; that is,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varPsi (\sigma , (b_1, \ldots , b_d) ) = \tau . \end{aligned}$$\end{document}$$

When given a list as input, the function [reverse]{.smallcaps} returns the list in reverse order. Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ is a bijection since *L* contains each of the values $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma (2), \sigma (3), \ldots , \sigma (d+1)$$\end{document}$ exactly once.

### Lemma 2 {#FPar17}

Let *A* be an extension matrix of *B*. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _A$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _B$$\end{document}$ be the column sequences for *A* and *B*, respectively, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_1 = \begin{bmatrix} 2 \alpha _1&\cdots&2 \alpha _d \end{bmatrix}$$\end{document}$. Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sigma _B = \varPsi \left( \sigma _A, ( \alpha _{\sigma _A(2)} \text { mod } 2, \ldots , \alpha _{\sigma _A(d+1)} \text { mod } 2 ) \right) . \end{aligned}$$\end{document}$$

### Proof {#FPar18}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau = \varPsi \left( \sigma _A, ( \alpha _{\sigma _A(2)} \text { mod } 2, \ldots , \alpha _{\sigma _A(d+1)} \text { mod } 2 ) \right) $$\end{document}$. We begin by noting that at step 3 in defining $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ we have that the size of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_1$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$| \lbrace i : \alpha _i = 1 \text { mod } 2 \rbrace | = h$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 \le k \le d$$\end{document}$. We examine two cases.

Suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{\sigma _A(k+1)}$$\end{document}$ is odd. Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} A_{k+1}&= A_k + c^A_{\sigma _A(k+1)} e_{\sigma _A(k+1)} = B_{x_k} + B_{y_k} + c^A_{\sigma _A(k+1)} e_{\sigma _A(k+1)} \end{aligned}$$\end{document}$$and by Theorem [3](#FPar12){ref-type="sec"} we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_{k+1} = (x_{k+1}, y_{k+1}) = (x_k - 1, y_k)$$\end{document}$ and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} A_{k+1}&= B_{x_{k+1}} + B_{y_{k+1}} = B_{x_k - 1} + B_{y_k} = B_{x_k} - c^B_{\sigma _B(x_k)} e_{\sigma _B(x_k)} + B_{y_k} \end{aligned}$$\end{document}$$Equating these two expressions for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_{k+1}$$\end{document}$ gives $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _B(x_k) = \sigma _A(k+1)$$\end{document}$. We point out that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\lbrace \alpha _{\sigma _A(i)} : 2 \le i \le k+1, \alpha _{\sigma _A(i)} \text { odd} \rbrace | = h+1 - x_{k+1}$$\end{document}$ since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1 = h+1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_i$$\end{document}$ decreases exactly when an odd $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _j$$\end{document}$ is found. In defining $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$, step 2 would put $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _A(k+1)$$\end{document}$ into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_{\alpha _{\sigma _A(k+1)} \text { mod } 2} = L_1$$\end{document}$ and we would have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_1(h+1 - x_{k+1}) = \sigma _A(k+1)$$\end{document}$. Since the order of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_1$$\end{document}$ is reversed to form *L*, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau (x_k) = L( x_k - 1 ) = L(x_{k+1}) = L_1( h+1 - x_{k+1}) = \sigma _A(k+1) = \sigma _B(x_k)$$\end{document}$.

Suppose now $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{\sigma _A(k+1)}$$\end{document}$ is even. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_{k+1} = B_{x_k} + B_{y_k} + c^A_{\sigma _A(k+1)} e_{\sigma _A(k+1)}$$\end{document}$ as before, and by Theorem [3](#FPar12){ref-type="sec"} we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_{k+1} = (x_{k+1}, y_{k+1}) = (x_k , y_k + 1)$$\end{document}$ and so$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} A_{k+1}&= B_{x_{k+1}} + B_{y_{k+1}} = B_{x_k} + B_{y_k + 1} = B_{x_k} + B_{y_k} + c^B_{\sigma _B(y_k+1)} e_{\sigma _B(y_k+1)} \end{aligned}$$\end{document}$$Equating these two expressions for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_{k+1}$$\end{document}$ gives $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _B(y_k+1) = \sigma _A(k+1)$$\end{document}$. Similarly to the first case we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\lbrace \alpha _{\sigma _A(i)} : 2 \le i \le k+1, \alpha _{\sigma _A(i)} \text { even} \rbrace | = y_{k+1} - (h+1)$$\end{document}$ since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y_1 = h+1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y_i$$\end{document}$ increases exactly when an even $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _j$$\end{document}$ is found. Step 2 in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$'s definition would put $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _A(k+1)$$\end{document}$ into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_{\alpha _{\sigma _A(k+1)} \text { mod } 2} = L_0$$\end{document}$ and we would have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_0(y_{k+1} - (h+1)) = \sigma _A(k+1)$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_0$$\end{document}$ is concatenated to the end of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_1$$\end{document}$ when forming *L*, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau (y_k + 1) = L(y_k) = L_0(y_k - h) = L_0(y_{k+1} - (h+1)) = \sigma _A(k+1) = \sigma _B(y_k + 1)$$\end{document}$.

Since the sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lbrace x_i \rbrace _{i=1}^{d+1}$$\end{document}$ takes on every value in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lbrace 1,2,\ldots , h+1 \rbrace $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lbrace y_i \rbrace _{i=1}^{d+1}$$\end{document}$ takes on every value in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lbrace h+1, h+2, \ldots , d+1 \rbrace $$\end{document}$, we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _B = \tau $$\end{document}$. This concludes the proof.

With Corollary [3](#FPar14){ref-type="sec"} and Lemma [2](#FPar17){ref-type="sec"}, we have solved problem (2).

Alternative Construction of an Extension Sequence {#Sec8}
-------------------------------------------------

We now arrive at our primary result of this section, which uses the results from the previous subsections to directly construct the binary string for an extension sequence yielding a given *d*-tuple.

### Theorem 4 {#FPar19}

Suppose the following are given:$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$( \alpha _1 , \alpha _2 , \ldots , \alpha _d )$$\end{document}$, where each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i$$\end{document}$ is an odd positive integer with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell $$\end{document}$ bits or less$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _{\ell } : \lbrace 2,3, \ldots , d+1 \rbrace \rightarrow \lbrace 1,2,\ldots ,d \rbrace $$\end{document}$ a bijection.

From this information, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i = (b_1^{(i)} b_2^{(i)} \cdots b_{\ell -1}^{(i)} 1 )_2$$\end{document}$ and: Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A^{(\ell )}$$\end{document}$ be the state matrix having i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A^{(\ell )}_{1,i} = ( b_1^{(i)} b_2^{(i)} \cdots b_{\ell -1}^{(i)})_2 + b_{\ell -1}^{(i)}$$\end{document}$,ii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 \le k < \ell $$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_0^{(i)} := 0$$\end{document}$ and "$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\oplus $$\end{document}$"es of this difference vecto denotes XOR of bits. Let $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} r^{(k)} = ( b^{( \hat{\sigma }_{k+1}(2))}_{k-1} \oplus b^{( \hat{\sigma }_{k+1}(2))}_{k} ) || \cdots || ( b^{(\hat{\sigma }_{k+1}(d+1))}_{k-1} \oplus b^{(\hat{\sigma }_{k+1}(d+1))}_{k} ) \end{aligned}$$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 \le k < \ell $$\end{document}$, where \|\| denotes concatenation.

Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _k = \hat{\sigma }_k$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1 \le k \le \ell $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lbrace A^{(i)} \rbrace _{i=1}^{\ell }$$\end{document}$ is the extension sequence corresponding to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r = r^{(1)} || r^{(2)} || \cdots || r^{(\ell -1)}$$\end{document}$ and having a base given by a matrix having magnitude 1 and column sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\sigma }_1$$\end{document}$.

### Proof {#FPar20}
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In the context of Theorem [4](#FPar19){ref-type="sec"}, note that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} A^{(\ell )}_{1,i} + A^{(\ell )}_{d+1,i}&= \left[ ( b_1^{(i)} b_2^{(i)} \cdots b_{\ell -1}^{(i)})_2 + b_{\ell -1}^{(i)} \right] + \left[ ( b_1^{(i)} b_2^{(i)} \cdots b_{\ell -1}^{(i)})_2 + 1 - b_{\ell -1}^{(i)} \right] \\&= 2 \cdot ( b_1^{(i)} b_2^{(i)} \cdots b_{\ell -1}^{(i)})_2 + 1 = ( b_1^{(i)} b_2^{(i)} \cdots b_{\ell -1}^{(i)} 1)_2 = \alpha _i. \end{aligned}$$\end{document}$$The significance of Theorem [4](#FPar19){ref-type="sec"} is the following. The *d*-MUL algorithm, Algorithm 3 in \[[@CR6]\], is performed using the method of item (1) in Theorem [4](#FPar19){ref-type="sec"}; that is, it computes the sequence $\documentclass[12pt]{minimal}
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Optimized *d*-MUL {#Sec9}
=================

In this section we present Algorithm 4, which is essentially Algorithm 3.2 of \[[@CR5]\] in which the bitstring *r* is constructed through the method of item (2) in Theorem [4](#FPar19){ref-type="sec"} to give a desired set of output scalars. This is in contrast to choosing *r* uniformly at random as in \[[@CR5]\].

In addition to using the alternative method of computation given by Theorem [4](#FPar19){ref-type="sec"}, we address a potential security issue when formulating Algorithm 4. The algorithm in \[[@CR5]\] and many of the results in this paper have produced an integer vector with odd entries, and with the intention of subtracting off a binary vector *v* to yield an output vector with entries of arbitrary parity. How exactly the point corresponding to this vector *v* is subtracted off has not yet been discussed.
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A special case is when all scalars $\documentclass[12pt]{minimal}
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A basic Magma implementation of Algorithm 4 can be found here:"<https://github.com/AaronHutchinson/d-MUL-Optimized-2020->"

Differential Additions {#Sec10}
----------------------

This subsection aims to outline an alternate version of Algorithm 4 which utilizes differential additions. Our only sacrifice to gain knowledge of point differences is storing each column sequence $\documentclass[12pt]{minimal}
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### Theorem 5 {#FPar21}
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### Proof {#FPar22}
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With this discussion in mind, Algorithm 4 may be altered so that each $\documentclass[12pt]{minimal}
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Conclusions {#Sec11}
===========

There are now three versions of the *d*-MUL algorithm: Original *d*-MUL (Algorithm 3 of \[[@CR6]\]), Randomized *d*-MUL (Algorithm 2 of \[[@CR5]\]), and Optimized *d*-MUL (Algorithm 4 in this paper). Optimized *d*-MUL seems to be a direct improvement over Original *d*-MUL, since the storage of two $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell $$\end{document}$ many simple permutations. We therefore see no reason to use Original *d*-MUL over Optimized *d*-MUL.

We believe that Randomized *d*-MUL may still be preferable over Optimized *d*-MUL in certain special situations. If a given application only calls for a random linear combination, then it would be more efficient to employ Randomized *d*-MUL over Optimized *d*-MUL since in the former case we need only generate a random bit string rather than derive it from random scalars as in the latter case. The efficiency gain is slightly more dramatic when the scalars of the combination need not be known, since the derivation of the scalars in Randomized *d*-MUL is split off into an independent algorithm. On the other hand, if the setting calls for a specific linear combination to be computed from given points, we see no way to use Randomized *d*-MUL in such a setting and so Optimized *d*-MUL seems to be the best option out of these three algorithms.
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